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Low-Frequency Motions on the Scotian Shelf and Slope

Brian Petrie and Peter C. Smith
Atlantic Oceanographic Laboratory, Bedford Institute of Oceanography,
Dartmouth, Nova Scotia

[Original manuscript received 4 October 1976; in revised form 26 January 1977]

ABSTRACT

An examination of current-meterdata
gathered in 1967/68 on the continen-
tal shelf and slope off Nova Scotia
has shown that meteorological forc-
ing is an important source of energy.
The response of currents to wind
forcing is concentrated in a fre-
quency band of 2.5 to 7 days. Daily
mean currents of up to 25 cm/s ap-
peartobe associated with wind-stress
events. The highest correlations be-
tween wind and current are for the
alongshore components of these var-
iables. Wind-induced currents may

sion of slope water onto the shelf
which was observed in hydrographic
sections from October and December
1968. Long data series (up to 167
days) formed by patching together
shorterrecords demonstrate the exis-
tence of distinct low-frequency var-
iability at periods greater than 10
days. Some aspects of these motions
suggest the presence of topographic
Rossby waves on the shelf and slope.
However, spatial and temporal
coverage of data are not sufficient to
define the sources of this variability.

have been responsible for an intru-

1 Introduction

Many water types have been identified on the Scotian Shelf and Slope from
extensive hydrographic surveys made since the early 1900s. An overall pic-
ture of the main components and circulation of these water masses has been
given by McLellan (1954, 1957). As the accuracy and resolution of hydro-
graphic measurements continued to improve, the temporal and spatial varia-
bility of the shelf and slope waters became increasingly evident. McLellan
(1955) found his conclusions about a 20-year warming trend in bottom temp-
eratures over the shelf to be impaired by ‘‘non-systematic’’ replacement of
bottom waters. Variability within the slope water region was emphasized by
Worthington (1964) who observed a tremendous volume of Labrador water in
that region in 1959 compared to that found in 1960. His estimate of a transport
of 50 x 106 m3/s in the offshore branch of the Labrador Current for 8!/, months
of that year is an order of magnitude greater than that used by McLellan
(1957). From brief observations of the erratic movement of parachute
drogues, Foote et al. (1965) concluded that flow in the Labrador Slope Water
at depths of 300 to 800 m, though generally westward, was highly intermittent
for time scales on the order of days. The use of moored instrument arrays
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Fig. 1 Mooring sites for the 196768 current measurement program.

allowed for the rapid sampling of temperature and velocity fields on the
continental shelfand slope. A program to measure these variables was carried
out by Bedford Institute of Oceanography in 1967-68 at the sites shownin Fig.
1. Using these data Warner (1970) and Petrie (1974, 1975) have discussed the
high-frequency (tides, intertial and internal waves) portion of the spectrum.
Low-frequency motions, that is, periods of two days and longer, will be
examined here. Two sources of variability, direct meteorological forcing and
wave motions such as topographic Rossby waves, will be considered.

The importance of direct meteorological forcing has been demonstrated in
experiments conducted on the west and east coasts of the United States.
Significant correlations between the alongshore components of wind and
current on the continental shelf have been reported by Collins and Pattullo
(1970), Huyer and Pattullo (1972), Smith (1974), and Huyer et al. (1975). The
response of water to winds was found in the frequency range of 0.4 to 0.16
cpd. Beardsley and Butman (1974) showed that intense wind-forcing events
dominate the circulation over the New England continental shelf during
winter periods. Boicourt and Hacker (1975) have illustrated intrusions of
slope water onto the continental shelf of the eastern United States. They
found that a southerly wind forced an offshore Ekman driftin the surface layer
requiring a deep return flow. The return flow carried salty slope water onto the
shelf giving rise to the possibility that some of the ‘‘non-systematic’” replace-
ments of bottom waters reported by McLellan (1955) may be due to response
to direct wind forcing.

Other more indirect effects of the meteorological disturbances must also be
considered such as the free continental shelf waves reported by Cutchin and
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Smith (1973). Furthermore, the impingement of the Labrador Current upon
the continental slope and the proximity of the strongly meandering Gulf
Stream (Hanson, 1970) suggest alternate sources of low-frequency energy.

Thompson (1971) found evidence for strong, vertically coherent fluctuations

at Site D, a point 50 km south of the shelf break off New England. He

interpreted measured periods of two days to two weeks as two-dimensional
barotropic Rossby waves driven by the Gulf Stream and propagating north-
ward on the continental rise. Schmitz (1974) conducted an experiment to

explore low-frequency motions near the slope-rise junction north of Site D.

From 86-day consecutive records, the following important features of the

low-frequency motion were deduced:

(1) The low-frequency flow is oriented mainly along isobaths.

(2) The most energetic motions with periods of roughly ten days occur at the
slope-rise junction with kinetic energy densities dropping off in either
direction. The measured phases between U (eastward current) and V
(northward current) are near 180°to the north and south of the junction but
20° to 60° at the junction itself.

(3) Periodograms show energy concentrated at periods from 10 to 18 days and
40 to 60 days but the spectra of kinetic energy are consistently ‘‘red.”’

(4) For periods of 10-18 days significant vertical (100 m separation) and
horizontal (25 km separation along isobaths) coherences were reported.
Motions were incoherent across contours at the 25 km scale.

(5) Coherence between wind and current ranged to 0.68, just below the 95%
confidence limit of 0.70.

Schmitz (1974) concluded that a broad band of barotropic continental shelf

waves and the interaction between an incoming barotropic Rossby wave with

the continental slope were needed to explain his observations. However, he

did not rule out the possibility of atmospheric forcing.

Kroll and Niiler (1976) have developed a model for the propagation of
topographic Rossby waves on the continental slope and shelf. Their results
indicate that certain ‘‘preferred’” waves can produce energy densities 8 to 10
times as great as in the deep slope water and can penetrate as far as the 25 m
isobath on the shelf before dissipating. Calculations for the New England
shelf showed reasonable agreement with Schmitz’ (1974) data.

In the next section, the influence of direct meteorological forcing on the
circulation over the shelf and slope will be discussed. Because most of the
energy in the wind spectrum lies between 2 and 8 days, strong motions at
periods greater than 10 days do not appear to be directly driven by the wind.
Certain aspects of these longer period motions will be discussed in section 3
followed by a summary of conclusions in section 4.

2 Meteorological forcing

Sable Island Wind Measurements
Lacking wind measurements at the mooring sites, Sable Island was chosen as
a source of meteorological data because of its location on the outer continen-
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Fig. 2 Sable Island wind spectra computed from 1967/68 data.
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Fig. 3 Cross-spectra results of Sable Island versus Shearwater. The 95% confidence limit for

non-zero coherence is from Benignus (1969). For frequencies lower than 1cpd the size of
the points is larger than the 95% confidence limit on the phases.

tal shelf in the same general area as the current measurements. However, the
moorings are about 250 km to the west of Sable; thus it must be determined
whether the winds at Sable are representative of the winds on the Shelffor this
length scale. The Shearwater (near Halifax) weather station is 270 km to the
west-northwest of Sable. Spectra and cross-spectra were calculated for the
two sites from 1967/68 wind data. A plot of frequency times the spectrum
versus frequency for Sable data is shown in Fig. 2. The U component
corresponds to the wind blowing toward the east and V to wind blowing
toward the north. The spectra have broad peaks centred at periods of three to
five days with energy falling off at 1and 15 days to one-fifth of the peak values.
The spectra of the Shearwater data have the same shape but with amplitudes
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Fig. 4 A comparison of Kinetic energy spectra of Sable Island winds for two periods: May/Sep-
tember 1967, and September/December 1968. Vertical bars indicate the 95% confidence
limits from Munk et al. (1959).

reduced by a factor of two. In Fig. 3 the cross-spectra of the Sable and
Shearwater data are shown. They may be summarized as follows:

Significant coherence U, period = 8 hours
V, periods = 15.4 hours
Coherence > 0.5 U, periods = 1 day
V, periods = 1.8 days

From the lowest frequencies to about one cycle per day there is a small but
significant phase lag between Sable and Shearwater (a negative lag corre-
sponds to Shearwater leading Sable). At the most energetic periods of 3to §
days the lag is equivalent to about 8 hours. Since the mooring sites are also to
the west of Sable the winds there would be expected to lead those at the Island
by several hours on average. The lag has not been accounted for in the
analyses which follow and may be expected to degrade correlations between
wind stress and current. The spectral shapes of wind data from Sable and
Shearwater are virtually identical and coherence between the two stations is
high in the most energetic parts of the spectra indicating that Sable Island
measurements are representative of winds over the continental shelf up to
length scales of about 300 km. It is reasonable then to compare wind stress as
measured at Sable to current meter measurements taken at the sitesin Fig. 1.

The current measurements which will be considered fall into two distinctly
different time intervals: the summer of 1967 (May/Oct.) and the autumn of
1968 (Sept./Dec.). The summer season was characterized by relatively calm
atmospheric conditions, while the latter period contained some of the most
intense storms of the entire two-year program. The kinetic energy spectra of
Sable Island winds from the two seasons are compared in Fig. 4. Although the
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Fig.5 Sable Island wind stress for May/September 1967 and September/December 1968. Wind
stress calculated after Smith and Banke (1975).

distributions of variance with frequency are similar, considerably more total
energy is contained in the later period. Fig. 5 shows a comparison of the wind
stress components for the two seasons. Only once during the May/October
period did a stress component exceed 1 dyne/cm? (1 dyne/cm? = 0.1 N/m?),
and its fluctuations were generally less than 0.5 dyne/cm?. In contrast, the
autumn record, after a relatively quiet September, showed bursts of 1 to 3
dyne/cm? from mid-October to mid-December. Thus, if atmospheric forcing
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Fig. 6 Frequency times spectrum of current-meter data from Station 3. The 95% confidence
limits are from Munk et al. (1959).

be an important mechanism on the shelf and slope, the character of the
response should be most evident in records covering September/December
1968. Conversely, if the deep ocean be an important energy source for the
shelf the absence of storms in the May/October 1967 period should allow
these motions to be detected.

Analysis of October{December 1968 Current Meter-Data, Shallow Banks

The kinetic energy spectra for Station 3 at 50 m and 95 m are shown in Fig. 6.
The largest energy values are for frequencies centered at tidal and inertial
periods. Also evident in the spectra are broad peaks centred between 2.5 and
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Fig. 7 Daily means of current and wind stress plotted as a function of time. Wind stress was
calculated after Smith and Banke (1975).

5.5 days. These peaks, which correspond to the broad peaks in the wind
spectra, are significant at the 95% confidence level for the 95 m data but not
significant for the 50 m data. Consideration of more examples (Smith and
Petrie, 1976) than are given here indicates that this peak is a significant feature
of current spectra during windy periods and absent during calmer conditions.
Thus it appears that the wind is generating an energetic response in the ocean
from periods of 2.5 to 5.5 days.

A more detailed look at the relationship between wind stress and currents is
presented in Fig. 7 where daily means of these variables are plotted. Both
currents and wind stress have been decomposed into north (V, 7,) and east (U,
) components. The wind stress was stronger toward the east with a mean of
0.54 dyne/cm?. The net currents at 50 and 95 m were toward the east at 3.8 and
2.0 cm/s. Throughout the mooring period there were many events of high
wind stress labelled A to H in Fig. 7 and corresponding events in the
U-component of current labelled similarly. The correlation between 7~ and U
is striking especially at 95 m depth. Amplitudes of up to 25 cm/s are reached.
However, there are differences such as the peak in current at 50 m depth
which occurs just before the event marked C with no corresponding event in
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TaBLE 1. Correlation and regression coefficients for Station 3 currents and Sable
Island winds

I X-X(Y-Y) _ ( cm/s )
i — U= Ar+ B A dynejcr? Bfcm/s]
a*( ) = -'17):[( ) — ()P U=AU+ B A {dimensionless] Bfcm/s)
r (0.05 level of
Variables r significance)* A B

Oct./Dec. 1968

U(50), U(95) 0.77 (0.72)% 0.27 1.3 1.2
V(50), V(95) 0.72 (0.86) 1.0 2.8
V(50), U(50) 0.16 (0.53)
V(95), U(95) 0.35 (0.52)
U(50), . 0.36 (0.48)
V(50), 0.05 (0.35)
U(95), T« 0.77 0.71) 4.3 -0.2
V(95), 5 0.22(0.43)
Aug./Oct. 1967
U(95), =, 0.48 (0.38) 0.25 4.7 1.3
V(95), r« 0.33 (0.35) 3.8 0.2
V(93), , 0.57 (0.33) 5.3 0.2

*Fisher and Yates (1970)
tLow-pass Cartwright filter

wind stress. The correlation between the V-components and 7« or 7y is not so
striking but note the corresponding steadiness in these variables for the period
1-10 November. The correlation coefficients between these time series have
been calculated and are recorded in Table 1. The highest coefficient, 0.77, is
between 7« and U/ (95 m), the correlation between 7« and U (50 m) is significant
but low and finally the correlations between wind stress and the
V-components are not significant at the 95% level. For cases when the
correlation is high the linear regressions have been calculated and are tabu-
lated in Table 1. Also shown are the correlation coefficients between the
current components at the same and at different depths. The correlations
between like components at 50 and 95 m are high (0.77 for U, 0.72 for V) while
between different components at the same depth the coefficient is low but
significant (0.35) at 95 m and not significant (0.16) at 50 m. Visually, these
relationships are shown in the scatter plots of Fig. 8. The slopes of the linear
regressions of U (50) versus U/ (95) and ¥ (50) versus V (95) were 1.3 and 1.0
respectively indicating that the response is nearly barotropic.

Hydrographic sections (de la Ronde, 1972) were available at the time the
mooring went in and when it came out of the water. The location of the
hydrographic stations and the contours of salinity are shown in Fig. 9. To the
left of the diagram is the section taken in October when Station 3 was laid.
There was no 35%,, salinity water in Emerald Basin and the 33.5%,, isohaline
intersected the shelf break. To the right of the diagram is the section taken in
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Fig. 8 Scatterplots of daily mean velocity components at Station 3.

December when mooring 3 was recovered. There was a substantial quantity
of 35%,, water in the Basin and the 349, isohaline lay over the outer continen-
tal shelf. These observations indicate an intrusion had occurred. During this
period the mean alongshore wind stress was 0.54 dyne/cm? and mean
V-component of current at 50 m was onshore at 2.0 cm/s. This is suggestive of
the mid-depth type of intrusion seen by Boicourt and Hacker (1975). How-
ever, note from Table 1 that the correlation of = and V (50) is quite low and
that during the period 1-10 November when = was nearly zero V (50) was
about 10 cm/s onshore,

After these correlations were completed it was realized that the daily mean
is not the best choice of filter which could have been made. A better choice
would have been a low-pass Cartwright filter. Such a filter (100% power
passed at periods of one day and longer, less than 5% passed at inertial
periods) was applied to the same data sets shownin Table 1 after the tides had
been removed. The correlations from this filtered data are shown in brackets
in Table 1. Most correlations are enhanced, the important change being a
significant positive value between =.and V at both depths. This indicates that
a positive 7« could drive a mid-depth intrusion of slope water.

Several characteristics of the water’s response to wind forcing suggest the
presence of continental shelf waves. Gill and Schumann (1974) have dis-
cussed the generation of such waves by the wind. When their model was
applied in the present case velocity amplitudes and periods for the shelf waves
were consistent with observations. However, their model was found wanting
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Fig. 10 Frequency times spectrum of current meter data from Station 3, 95 m.

in several aspects. Moreover, other features of the data did not have shelf
wave characteristics. Gill and Schumann’s (1974) condition for the neglect of
the surface divergence is not met for the Scotian Shelf (the parameter [their
notation] €2 should be much less than 1 whereas € = 0.4 in our case). Their
exponential model of the topography is a poor fit to the depth variations on the
Scotian Shelf. The ratio U/V of the velocities for continental shelf waves
should be proportional to f/w, where f is the Coriolis parameter and w is the
wave frequency. In the band 1.5 to 12 days the ratio should range from 2to 17;
however, the data at 50 and 95 m showed the ratio varied from 0.7 to 1.7 in the
cases (9 of 12) where the coherence between U and V was above the 95%
confidence limit. The cospectra for these waves should be zero but when
there was significant coherence all measured cospectra were positive. Put
another way, for continental shelf waves the U component should lead V by
m/2 radians whereas in all instances V was leading U. A more detailed model,
especially one which accounts for the complicated topography of the Scotian
Shelf, than Gill and Schumann’s (1974) must be examined to determine how
much of the low frequency variance seen in these data may be attributed to
continental shelf waves.

Current-Meter Data, Shallow Banks (May|October 1967)

In Fig. 10 the spectra of currents from Station 3, 95 m, are shown for the
period August/October 1967 when conditions were calm. Compared to the
spectrain Fig. 6 at the same depth the reduction of energy in the band 2.5to0 10
daysis by a factor of 5 to 10. Moreover, the inertial peak is reduced by a factor

128 Brian Petrie and Peter C. Smith



TABLE 2. Records considered for low-frequency analysis

Instrument Record
Bottom Depth Length
Station Location metres metres Period days
4 slope-rise 1015 150, 980 Sept./Dec. 1968 55,78
8 rise 1550 1500 Sept./Oct. 1968 33
2 Emerald Basin 278 50,250 May/Oct. 1967 167
95,250 Sept./Dec. 1968 97

of 6. But notice the diurnal and semidiurnal peaks are almost unchanged as
expected since the tides on this portion of the shelf are mostly barotropic
(Petrie, 1975). Data (not shown) at 50 m May/July 1967 show a similar
reduction in the low-frequency portion of the spectra and a reduction of the
inertial peak by a factor of 10. The contrast between these observations
confirms that meterological forcing is responsible for the high energy at
periods of about 2 to 10 days.

Even though conditions were relatively calm for the period August/October
1967 significant correlations were found between current at 95 m and wind
stress and are given in Table 1. Correlations for other Station 3 data were
calculated but were not significant at the 0.05 level.

3 Longer period motions

Direct atmospheric forcing of the shallower shelf water (typified by Station 3)
at periods from 2 to 10 days appears to be well established from the results of
the previous section. In contrast, the following analysis will be focussed on
very low-frequency fluctuations with periods greater than 10 days. In order to
look at the lowest frequencies, emphasis will be placed on the longest avail-
able records from the 1967/68 mooring program. The records to be discussed
range from 33 to 167 days in length and are listed in Table 2.

The data consist of three records from two moorings on the continental
slope and rise during the stormy autumn season (Sept./Dec. 1968) plus two
records from a shelf mooring during both the quiet summer period (May/Oct.
1967) and the autumn season. Unfortunately, the 67/68 experiment was not
specifically designed to look at low-frequency motion, so that the data cover-
age in both space and time is insufficient to define adequately the character of
fluctuations of 10- to 40-day duration. Therefore the question of energy
sources for these motions must remain unanswered for the present. However,
it is possible to demonstrate the existence of distinct low-frequency variabil-
ity and make some general comments about its nature. To investigate the
lowest frequency bands, the data will be analyzed in only a few large data
blocks thereby sacrificing some stability in the spectral estimates.

Slope Stations (Sept. [Dec. 1968)

Deep current measurements on the continental slope of Nova Scotia exhibit
low-frequency variability similar to that found by Schmitz (1974) and
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cember 1968.

Thompson (1971) for the New England continental rise and slope. The most
dramatic example of this behaviour is the progressive vector diagram of
currents at 1500 m for Station 8 shown in Fig. 11(a). Twice during the 33-day
record, the current reversed distinctly, separating the record into three seg-
ments of nearly rectilinear flow. A correlation of the daily averaged U (east)
and ¥V (north) components has a coefficient of 0.77 (significant above the
99.9% level, Fisher and Yates, 1970) and gives a regression axis which
deviates from the local isobaths by less than 1° {Fig. 11(b)]. The estimated
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error involved in determining the direction of the isobath at that location is
+5° so the deviation is not significant.

The longest records from the slope region (55, 78 days) were taken at
Station 4 during the fall of 1968. The kinetic energy spectra at 150 m and 980 m
are shown in Fig. 12. At high frequencies the tidal and inertial bands are quite
energetic while the low-frequency spectra are distinctly ‘“‘red.”” In addition,
there are indications of a secondary peak centred at a period of two days in the
spectrum of the deeper record but it is not significant because of the poor
stability of the spectral estimates. The correlation of the two velocity compo-
nents at the bottom meter [shown in Fig. 13(a)] gives aregression axis which is
rotated from the direction of the local isobaths by roughly 6°in the clockwise
sense. This difference is consistent with Schmitz’s (1974) results and is
marginally above the estimated direction errors at Station 4 (=5°; however,
the correlation coefficient of 0.15 is not significant at the 0.1 level (Fisher and
Yates, 1970) and contrasts to the value of —0.6 found by Thompson (1971) at
Site D. The lack of a strong correlation between U and V signifies that the
dynamics are more complex than those of a single topographic Rossby wave
propagating shoreward and partially reflecting from the continental slope.
Fig. 13(b) shows the coherence and phase between velocity components at
the 980 m sensor, There are no significant coherences at the 95% level for the
lowest frequencies although a value greater than 0.6 is found for periods
slightly above 10 days. The phase estimate at this frequency (30° = 20°) is
consistent with the range (20°—60°) measured by Schmitz (1974) at the slope-
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rise junction. This comparison is significant since Smith and Petrie (1976)
have demonstrated that the slope-rise junction along 63°30'W south of Halifax
is located somewhere between the 1000 m and 1500 m isobaths, At higher
frequencies, a significant coherence does occur at a period near two days
where there seemed to be some concentration of energy in the kinetic energy
spectrum.

Finally, it is of interest to explore the possibility of atmospheric forcing of
the deep slope waters by examining the correlation between current and
alongshore wind at Station 4. Fig. 14 shows the coherence and phase between
currents at 980 m and the eastward wind component at Sable Island. In the
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lowest frequency band, the highest coherence (0.50) occurs between V' (980)
and U, with a phase near 180° (i.e. a negative correlation), but is well below
the 95% level. Schmitz (1974) reported similar levels of coherence at low
frequencies between deep onshore currents and alongshore wind. For periods
of 2 to 4days, this coherence is significant and the phase is again close to 180°.
This indicates that during the stormy fall season alongshore winds may be
forcing deep currents on the slope with winds fo the east associated with
offshore flow at depth over a broad range of frequencies.

Shelf Moorings (May{October 1967)

Some of the measurements made on the Scotian Shelf during the quiet
summer of 1967 also indicate strong low-frequency fluctuations. For example,
Fig. 15 shows the 167-day record of daily averaged eastward velocity at a
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depth of 50 m from Station 2 in Emerald Basin. The 15-20 day oscillations
evident in this component, particularly over the earlier portion of the record,
do not directly correspond to any major wind stress events as indicated in Fig.
5 where most of the variability occurs at substantially higher frequency.
Furthermore, according to the regressions computed for Station 3, wind-
driven currents of the order of 10 cm/s require surface stresses of 3dyne/cm?,
none of which are evident in Fig. 5 after day 148. Itis not reasonable to expect
that the smaller stresses driving a deeper body of water would produce a
significantly stronger response.

Fig. 16(a) shows a variance-conserving plot of the kinetic energy spectra for
currents measured at Station 2 during May/September 1967. (Notice that the
block size has been adjusted so that only the summer months are included.)
Most of the low-frequency variance at the 50 m level is concentrated at
periods greater than 10 days and there is a very weak local maximum in these
bands. Due to coarse resolution and poor stability individual peaks cannot be
isolated. However, it is clear that, at least for the 50 m depths, there is a
significant amount of energy contained at periods greater than 10days, which
is separated from that found in the band between 2 and 8 days by a spectral gap
centred at 10 days. Also notice that for the bottom record a distinct peak
occurs at a period slightly greater than 5 days. A secondary maximum in the
50-m spectrum occurs at roughly 7 days.

To contrast this behaviour, the kinetic energy distribution at similar depths
for the September/December 1968 period is displayed in Fig. 16(b). In this plot
the high variance for the shallow sensor at 10- to 20-day periods is no longer
present. Rather the dominant peaks occur at meteorological time scales (5-8
days). Comparing the total kinetic energy in the range from 2 to 10 days for
Stations 2 (Fig. 16) and 3 (Figs. 6 and 10) indicateslevels of 2to 5 times higherin
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Fig. 16b Kinetic energy spectra at Station 2,95 and 250 m, September/December 1968. Vertical
bars indicate the 95% confidence limits from Munk et al. (1959).

the fall season, which is consistent with the magnification in the wind field
variance. Thus the low-frequency energy at S0 m in Fig. 16(a) appears tobe a
departure from the direct wind-driven response.

Various coherences between velocity components at Station 2 for
May/September 1967 are shown in Figs 17 and 18. In the lowest three fre-
quency bands, some high coherences are found but only one exceeds the 95%
confidence level. The phase between U and V approaches —180°at the lowest
frequencies giving nearly rectilinear flow. This implies an offshore (south-
ward) momentum flux in these bands and contrasts with that in the wind-
driven band which is oppositely directed. At atmospheric frequencies, the
coherence estimates are variable with some significant values near 2- and
7-day periods. In contrast, Fig. 19 shows similar calculations for Septem-
ber/December 1968 in which a broad band of significant coherences appears
between 2 and 10 days with generally lower values at periods greater than 10
days.

Comparison of the current-meter statistics at Station 2 from the two differ-
ent seasons suggests that the source of low-frequency energy in summer
might not be atmospheric for two reasons:

(1) the low level of driving wind stresses through the entire period, and

(2) the dip in the spectrum of kinetic energy [Fig. 16(a)] near 10-day periods
separating some fairly coherent motions at lower frequencies from those
in the atmospheric bands.

An alternate candidate for the energy source is the low- frequency topographic

waves on the slope suggested by the similarity between Station 4 results and
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Schmitz’ (1974) data. A recent model for the propagation of barotropic Rossby
waves onto exponential shelf topography [Kroll and Niiler (1976)] indicates
that certain waves may be transmitted preferentially onto the shelf leading to
energy densities which are enhanced by factors of order 10. For realistic
estimates of dissipation, model waves penetrate to the 25 m isobath before
they are fully damped. The observed tendency toward offshore momentum
flux at Station 2 in the lowest frequency bands (see Fig. 17) is consistent with
shoreward propagating topographic waves. However, the disparity in energy
levels at 50 and 250 m indicates that a significant part of these motions is not
barotropic. Moreover, the coherences between Station 2 current and Sable
Island wind components (Fig. 20) cast doubt on this hypothesis. The high
values at low frequencies are comparable to those among the current compo-
nents alone. Therefore no definite conclusion is possible regarding the origin
of low-frequency variability on the shelf.

4 Conclusion

In summation the analysis of the 1967/68 current-meter data has revealed the
following important features of low-frequency motion on the Scotian Shelf
and Slope:

(1) On average Sable Island is a good indicator of meteorological conditions
over the Scotian Shelf. In general, winds at the mooring sites should lead
Sable.

(2) The currents on the shallow banks respond with a spectral peak in a
frequency band of from 2.5 to 7 days to the broader band (1 day to 2
weeks) forcing of the winds. During periods of low wind stress the
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current peak is reduced by a factor of 5 to 10. The inertial period energy
behaves similarly.

The correlation between alongshore wind stress and currents can be
significant with values as high as 0.77. The highest correlations are for
alongshore stress and the current near the bottom.

Daily mean currents of up to 25 cm/s appear to be associated with wind
stress events.

The response to wind forcing on the shallow banks is nearly barotropic
with like components of current at different depths being highly corre-
lated.

With a mean alongshore wind stress of 0.54 dyne/cm? to the east during
October-December 1968, the mean V component at Station 3, 50 m, was
onshore at 2.0 cm/s. Hydrographic sections indicate that during this
period an intrusion of slope water onto the shelf and into Emerald Basin
occurred.

Deep currents on the continental slope exhibit distinct low-frequency
motion oriented primarily along isobaths. The regression axes for daily
average currents are generally consistent with those found by Schmitz
(1974) but correlations are not always statistically significant over the
short records.

Coherence between velocity components near the bottom over the slope
is generally high but not significant at the 95% level for periods greater
than 2 days.

Coherences between deep slope currents and alongshore winds at Sable
Island show marginal significance at periods from 2 to 4 days, where it
appears that eastward winds are associated with southward currents.

Brian Petrie and Peter C. Smith



(10)

(1n

(12)

Energetic low-frequency motions also occur at Station 2 on the shelf. A
comparison of spectra reveals high kinetic energy at 50 m for periods
greater than 10 days during a quiet summer period (May/Sept, 1967)
contrasting to a dominant peak at meteorological time scales (2 to 10
days) during a stormy autumn season (Sept./Oct. 1968).

The low-frequency summertime oscillation appears to be vertically
coherent and in phase with the flow at 250 m although its amplitude is
greatly reduced at depth.

Coherences between velocity components at a single depth for periods
greater than 10 days tend to be higher during May/October than Sep-
tember/December, but for periods from 2 to 10 days there are significant
coherences in both seasons with highest levels obtained in Septem-
ber/December. Measured phases between U and V at Station 2 in sum-
mer imply an offshore momentum flux in the lowest frequency bands,
particularly at 250 m. This feature is consistent with shoreward propagat-
ing topographic Rossby waves and contrasts with the momentum flux in
the wind-driven band which is oppositely directed.

Despite low wind-stress levels during the summer months, atmospheric
forcing cannot be ruled out as a source of the low-frequency oscillations
at Station 2 in light of the high coherences between currents and Sable
Island wind. Therefore the origin of this variability remains an open

question.
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ABSTRACT

The dispersion relation is derived for
long coastal trapped waves of sub-
inertial frequency that propagate
along a single-step continental shelf
in a two-layer fluid. When the in-
ternal (Rossby) deformation radius
is smaller than the shelf width, we
show that the dispersion relation can
be factored exactly, giving two pos-
sible modes:

(i) aninternal Kelvin wave modified

by topography;

(ii) a continental shelf wave mod-
ified by the stratification.

A detailed discussion of the eigen-
functions associated with each of
these modes is presented. Then the
shelf wave dispersion relation is
plotted for parameters applicable to
the Oregon-Washington coast. The-
oretical values for the periods and
wavelengths predicted from these
plots are shown to agree favorably
with observed values for this region.

1 Introduction

Over the last decade increasing attention has been devoted to the study of
coastal trapped waves: high frequency edgewaves, low frequency continental
shelf waves and intermediate frequency Kelvin waves. (For a recent review of
this topic, see LeBlond and Mysak (1977a) ). In particular, there have been
many recent studies dealing with the effects of on-shelf stratification on coastal
trapped waves of sub-inertial frequency (w < f, where f = Coriolis parameter)
(Kajiura, 1974; Allen, 1975; Wang, 1975; Wang and Mooers, 1976). For
on-shelf stratification and under the rigid-lid approximation the trapped waves
are shelf waves that are modified by the stratification or internal Kelvin waves
that are modified by the topography. The purpose of this paper is to derive the
dispersion relation for these two types of waves in the case of a single-step
continental shelf in a two-layer fluid (see Fig. 1). The dispersion relation we
derive fills a gap in the existing literature on coastal trapped waves. For
example, Kajiura (1974) derived the dispersion relation for these waves only
in the very low frequency limit (w? << f2). Wang (1975), on the other hand,
considered waves of higher frequencies (w < f), but gave no explicit form for

* Also Institute of Oceanography.
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Fig. 1 Cross section of the two-layer model used in this paper. Coordinates x,y,z form
a right-handed system which is rotating about the z axis with angular speed f/2.

the dispersion relation. In view of the relative simplicity and utility of this
relation, we feel that it ought to be given further exposure in the literature.

The second purpose of this paper concerns the application of the dispersion
relation to the shelf/slope waters off the Oregon-Washington coast where
evidence of northward propagating (modified) shelf waves has been found by
Huyer et al. (1975). A comparison of their observations with the theoretical
results presented here is made; generally speaking, the agreement between the
observations and the theory is quite good.

2 Basic equations for sub-inertial waves on a single-step shelf

We begin with the long-wave equations for an inviscid two-layer fluid rotating
about the vertical with constant angular speed f/2:

U — fo * = —gn* )

vy * + fu* = ~gn,* 2
(hyuy ®); + (hyvy *)y = 73, * 3
up* — for* = —gln* + 3%, @
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vy * + fup* = =gl * + o), (5)
(hauy *)x + (A0 ®)y = —7p* (6)

where: (u;*,0,%), (u2*,00*) are the velocities in the upper and lower layers
respectively; n:*,m.* are the surface and interfacial displacements; h;,h> are
the undisturbed depths of the upper and lower fluid layers which are taken as
constant except for a step discontinuity in /. corresponding to the shelf break;
g is the acceleration due to gravity and 0 <8 = (p, — p1) /p2 << 1. We note that
terms of relative magnitude & have been neglected in (4) and (5) (i.e. in each
case 171 *(1 — 8) has been approximated by m,*). Also, in (3} the rigid lid
approximation has been made (i.e. —%..* on the right side of this equation has
been neglected); this approximation requires that f2L2/gh, << 1, which guar-
antees that the neglected term, —7,,*, makes a negligible contribution to the
vorticity balance. (For the Oregon-Washington coast, using the parameter
values given in Section 5, we find that f21.2/gh; = 49/650 < 1). The rigid lid
approximation eliminates all surface gravity waves and the external Kelvin
wave from the system (LeBlond and Mysak, 1977b, Chapter 3).

Adding (3) and (6), we find that there exists a transport stream function
¥* such that

g, * = — (0, ¥ + hyv, %), b* = (yuy* + hyuy™). )

Introducing complex amplitudes for each of the starred variables in the form
£* (x,3,8) = Re{{(x)y) €'}, we now solve for u,*,01* and u,*, v, * in terms of
n1*,m2* from (1), (2) and (4), (5),respectively. Then combining these results
with (7) gives

u, = {¢, + ah,(ivh, + fh)}/hy (8a)
uy = {¢, — ah\(iwh, + fh,)}/hy (8b)
vy = {—, + ahy(iwh, — fh)}/hy (8¢c)
v, = {~4, — ah,(iwh, ~ fh )} hs (8d)

where h = 1y, a =g’ /(f> — w?),and hy = hy + ha. .

In contrast to the papers by Kajiura (1974) and Wang (1975), who worked
with linear combinations of v, and 7., we shall work with the variables ¢ and
h (= m2) (as does Allen (1975)). This approach facilitates comparison with-
the theories of barotropic shelf waves and internal Kelvin waves.

Cross-differentiating (1) and (2) and then using (3) gives

(hyuy)y, — (M) = Sh €))
provided w # 0; repeating the process using (4), (5) and (6) gives
(hauy), — (hvy), = —fh. (10
Finally adding (9) and (10) and using (7) we find
hex + )y, = 0. (1)
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Subtracting (1/h,) times (10) from (1/h,) times (9) gives, after using (8):

Bew + hyy = S b, (12)

where r = [g’h1ho/ (f* — @?) hp]V2, which clearly reduces to the internal Rossby
radius of deformation for w? << f2,

3 Derivation of the dispersion relation for trapped waves

Since we are interested in trapped waves that propagate along the coast, we
look for A and y in the form

h(x, y) = H(x)e'” (13)
Plx, y) = Plx)e'Y. (14)
We take ¢ > 0 so that w < 0 (>0) corresponds to waves propagating in the
positive (negative) y direction. From (11) and (12) we now have
Y. —¢1¥=0 (15)
H,—a«H=0 (16)
where o = [£2 + (1/7)2]V2.
To distinguish variables on the shelf and in the deep ocean region we use the
superscripts (o) (ocean) or (s) (shelf).
At x = 0 we require 1 = wu,'® = 0, which implies ¢, = 0 and

iwh,s + fh,'” = 0. At the shelf break (x = L) we require continuity of the
mass transport normal to the shelf in each layer, i.e.

) — 4 (0)
= u B (17a)
h, O, = hz(O)uz(O)} atx = L. (17b)
Upon combining equations (17a,b) we may replace (17b) by:
$,© = @ at x = L. (18)

We also require continuity of the interfacial and surface displacements at
x=1L,i.e.

) = p© atx— L (192)
iw0,® & fu,® = jwr, @ + fu,© =L (19b)

(Equation (19b) is easily obtained from (2).)} Finally the condition of trapping
along the coast requires

YO H® - 0as x - oo. (20)

Applying the boundary conditions at x = 0 and at x = «, and then using
(18) and (19a) we find:

$© = A, sinh (¢x)e'? @n
4@ = A, sinh (£L)e~ {5~ Dgity (22)
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KD = A,[wa® cosh («¥x) ~ f¢ sinh («*x)]e’*? (23)
h® = A,[wa® cosh («¥L) ~ f¢ sinh (a®@L)Je™* >~ Lefy (24)

Equation (17a) gives us the relation between 4; and A,, upon using
(21) —(24) in (8a):

A, = — Ayaly*h,P(w2a®® — £2£2) sinh («)L) 29
+ 1, (0a® — £€) (0a' cosh (a0 L) — f¢ sinh (a'® L))}/(y* — 1) € sinh(ZL)

where y2 = hy* /hp™ and a is as given earlier.
Finally, from (19b), the dispersion relation is found which after some
rearrangement may be written as:

(rh, (s = FET, + b, wa® — fE) (sl — £ T)))
X {alT; +9%) + T = 7)) = (L =y = w)  (26)
x (wx® = Ty ™ = hy )T,

where T, = tanh («*L) and 7, = tanh (¢L).

4 Discussion of the dispersion relation

For w?* <2, (26) reduces to a quadratic in w so that the roots in this case are
readily found for any range of parameter values. (See also Kajiura (1974; §4)
for a discussion of the corresponding dispersion relation in the case of a free
surface.) Another limit of particular interest is

WL = [€2 + (f2 — Db g'hhy 1L > 1 @7

so that 73 = 1. For w? << #* this will hold whenever the shelf width is much
wider than the internal Rossby radius. As w? approaches f? it is still quite
possible for this limit to hold, since in general as w/f increases so does /L (i.e.
the longshore wavelength decreases). Clearly in any given case we need simply
check that the approximation T = 1 is satisfied. Making the approximation
T,=11in (26) we now have¥

wa® = f¢ or

{?hy D wa® + f€) + by (e — fO)HAT, + ) + [T(1 ~ ¥?)}

=(1 - Yz)g(fz - wz)(‘)’zhz(s) - hz(o))Tz- (28)
The relation wa s> = f¢ may now be solved exactly to give w/f = (r;/L)¢L or
w/f = 1, where r; = [g'hho® /fPhy'91172 is the internal Rossby radius on the
shelf. The first of these roots is the dispersion relation for an internal Kelvin
wave on a very wide shelf (i.e. L/r; >>'1). We note here that for this root
a®L = (f/w)/L = L/r, so that whenever the shelf is wide compared to the
internal Rossby radius, the internal Kelvin wave is unaffected by the finiteness
of the shelf width (i.e. the Kelvin wave and shelf wave uncouple ). The second
root is apparently an inertial oscillation; however an analysis of the primitive
equations () — (6) shows that for the case of a rigid upper surface no motion

+This limiting case was noted by Wang (1975) but the relation (28) was not explicitly
given.

Coastal Trapped Waves 145



is possible at the inertial frequency in the presence of the assumed topography.
The origin of this spurious root is the assumption throughout the paper that
7 f so that we could freely manipulate terms involving w? — f2. For example
in the derivation of (12) we multiplied each side by w? — f2.

The remaining roots are given by = 0 and

w (LYY = BOXT, + vP) + (PR, + «Ph, T, (1 — ¥?) (29)
f (Y7a®h,® + a©@h,ONT, + ) + ¢(h,y* — B, O)T,(1 — ¥*)°

As we have assumed a priori that w < 0 (see (9)), the first root is spurious.
The second root (29) is the continental shelf wave as modified by density
stratification. The case of a shelf wave in a homogeneous fluid with a rigid lid
is readily obtained from (29) by taking the limit A, = 0. In this case a)/¢,
af®) /¢ - « and we have

w/f = (y* — 1) tanh (¢ L)/[y* + tanh (¢L)],
in agreement with Larsen (1969).

It is interesting to note further that in the limit w?<< f2, the right-hand side of
(29) is independent of @ and hence we have a relatively simple formula for
w/f. if w/f ~O(1), (29) may be solved by simple linear iteration using the
limiting solution (w? << f2) as the initial approximation.

5§ Discussion of the eigenfunctions

It is interesting at this point to examine the velocity distributions as a function
of x corresponding to the Kelvin and shelf-wave modes found above. Sub-
stituting equations (21) — (24) into (8) and choosing the arbitrary constant
A, to be real (which may be arranged by choosing the initial time appro-
priately), we find the following expressions for the velocity components:

(s)

Uy 2 = — A,{(4,/A;)¢ sinh (¢x) £ ahy , sinh («©)x)
x (w2 — f2¢2)} sin(€y + wt)he®
v,,® = 4,{—(A4,/4,)¢ cosh (¢x) + ah, ,[cosh (a9Dx)€a(f? — w?)
— sinh (6 x)wf(a®? — ¢%)]} cos (€y + wt)fh®
Uy 2@ = —A4,{(4,/A4,)¢ sinh(¢L)exp [— ¢ (x — L)] % ah, ,* [wa'® cosh («*L)

— f¢ sinh (@@L))(f¢ — wa®)exp [~a@(x — L)]} sin(€y + wt)/h @

vy .9 = A,{(4,/4,)¢ sinh (¢L)exp [—€(x — L)] £ ah, ;@ [wa'® cosh («L)
— f¢ sinh («®@L)](f2'® — wé) exp [—aP(x — L)]} cos (¢y + wt)/h®

where the upper sign in each case corresponds to the first subscript and the
lower sign to the second. 4,/A4, is given by (25).

We will refer to the complete factor multiplying the trigonometric function
as the amplitude of the velocity component. Let us now consider the amplitudes
of the two modes. For the purpose of calculation we shall work with the case
¢L = 0.3 and choose all the other parameters as appropriate to the Oregon-
Washington coast (see Section 6).
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(i) The internal Kelvin wave (Fig. 2): Since this wave is trapped on the
shelf and decays exponentially away from x = 0 on the scale of the internal
(Rossby) deformation radius, we have normalized the amplitudes with respect
to the amplitude of v,*' at x = 0. The velocity component normal to the coast
vanishes identically and the longshore velocities in the upper and lower layers,
being baroclinic, are in the ratio —hg/h4. Since oL '>> 1, the motion is con-
fined to the shelf region.

(ii) The (modified) shelf wave (Fig. 3): In this figure the velocities are
normalized with respect to v*®) (x = L). The velocity in the upper layer is
continuous across the shelf break while in the lower layer it is, of course, dis-
continuous. We note that except near the shelf break, the motion is barotropic
(or nearly so) and decays away from the shelf on the scale of the longshore
wavelength of the motion. When the longshore wavelength is increased, the
only significant change is that the velocity component normal to the coast is
decreased to account for the change in relative scales for offshore and long-
shore directions.

In the next section we will show that the observations made by Huyer et al.
(1975) along the Oregon-Washington coast are consistent with the idea of a
modified shelf wave propagating northward along the shelf.

6 Application to the Oregon-Washington coast

To apply our single-step shelf model to the northwest coast of North
America we take the following parameter values: f = 10-% s~ ¢/ = 0.02
ms~—2, L =70km, hy = 65 m, Ar® = 200 m, Ap'® = 3000 m, for which
f:L?/gh, = 49/650 and hence the rigid lid approximation made in Section 2
is valid. It was found from numerical tests that these values may be varied
considerably without seriously affecting the numerical value of the modified
shelf-wave root. Of particular interest is the insensitivity of this root to varia-
tions in the upper layer depth £;. This accounts for the success of the barotropic
shelf-wave theory in cases where one might think the on-shelf stratification
would be important. Wang (1975) has also noted that at low frequencies the
shelf wave is affected very little by the stratification. The dispersion relation
(29) corresponding to the above parameter values is plotted in Figure 4. (For
the above parameter values, ri/L = 0.12 and hence (29) is valid at least for
w? << f2.) For comparison, the internal Kelvin wave dispersion relation for the
same parameter values is also shown in this figure. The approximation T; = 1
is in fact satisfied to within 0.05% for all #L. The horizontal lines crossing the
shelf-wave curve in Fig. 4 are derived from recent observations reported by
Huyer et al. (1975). They found that the current, sea level and wind spectra
on the Oregon-Washington shelf were peaked at w/f = 0.11, 0.2 and 0.29
(corresponding to 0.16, 0.3 and 0.44 cpd). At each of these frequencies the
phase lags between successive stations were also estimated. From the phase lag
between two stations at a given frequency and the distance between the stations,
the wavelength was determined. The horizontal bars in Fig. 4 represent the
95% confidence limits for these observed wavelengths at the peak frequencies
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Fig. 2 The velocity amplitude for the internal Kelvin wave normalized with respect to
v,” (x = 0). The values of the parameters used are given in Section 6; ¢L = 0.3
(wavelength = 1466 km ).
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Fig. 3 The velocity amplitudes for the modified shelf wave normalized with respect to
0, (x = L). The values of the parameters used are given in Section 6; ¢L = 0.3
(wavelength = 1466 km).
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Fig. 4 The shelf wave (I) and internal Kelvin wave (II) dispersion relations for the
Oregon-Washington coast. The horizontal lines represent the 95% confidence
limits for the wavelengths of low-frequency, northward-moving waves observed
by Huyer et al. (1975). The segment marked by crosses at the frequency w/f =
0.11 is the wavelength interval common for all observed current, wind and sea-
level pairs, while that at «/f = 0.29 is the wavelength interval common to the
current and sea-level observations only.

given above. The segment marked by crosses at the frequency w/f = 0.11 is the
wavelength interval common for all current, wind and sea-level pairs. At
w/f = 0.29 the wavelength interval common to current and sea level is marked.
The wind does not have a wavelength interval common with the current and
sea level at this frequency. The relatively large wavelength interval at w/f = 0.2
is due to low coherence in the signal at that frequency. Clearly the shelf-wave
results for our step-shelf model agree well with the observations. As mentioned
earlier the simple barotropic shelf-wave model also agrees well with the
observations of Huyer et al. (1975) (differing from the two-layer model by
less than 3.5% even at /L = 5).7 As expected, the results from the barotropic
theory do give slightly lower values for w/f but the agreement even for
w/f =0(1) is rather surprising (at /L = 5, (w/f)?=0.8).

At this point it is interesting to compare the baroclinicity of the currents
predicted by our model with the observations made by Huyer et al. (1975).
They found that vertical phase differences were essentially zero and the current

1This is rather an important result since the introduction of two-layer deep-sea stratifi-
cation typically increases the speed of a barotropic shelf wave by a factor of two (Mysak,
1967; Kajiura, 1974).
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amplitudes were depth-independent (i.e. the motions were barotropic)
wherever the coherence was high and phase estimates most reliable. This is
consistent with the predictions made from our simple model except within a
couple of Rossby radii of the shelf break where the currents are expected to be
bottom trapped (see Fig. 3). However, little weight should be given to the
theoretical predictions made near the depth discontinuity, since in reality such
a sharp break in the shelf rarely occurs.

Finally, we note that a shelf wave propagating northward along the Oregon-
Washington coast must pass Juan de Fuca Strait, and in so doing may excite
low frequency motions in the Strait. Indeed, while examining the possibility
of using pressure measurements to determine the currents flowing through the
Strait, Fissel (1976) observed that about 80% of the total variance of the
residual currentsf occurred at frequencies less than 0.2 cpd. Work is now in
progress to determine whether this low frequency energy is related to the shelf-
wave energy off the Oregon-Washington coast.
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ABSTRACT

An estimate of the energy content of and in-situ measurements. The role
near-surface internal waves in the of these waves in the tidal energy
Strait of Georgia is obtained from a  budget and in the mixing processes in
combination of aerial photographs the Strait is discussed.

1 Introduction

High-frequency internal gravity waves (of periods ranging from one to thirty
minutes) are commonly observed in many coastal areas of the oceans. Such
areas are usually endowed with a strong near-surface pycnocline so that inter-
facial waves are visible from the air through their surface manifestations, either
through slick formation (Ewing, 1950), interactions with short surface waves
(Gargett and Hughes, 1972), or variations in the colour of the sea-surface.
Groups of such waves have been observed in many locations (Shand, 1953;
Curtin and Mooers, 1975) and in some cases are even detectable from satellite
photographs (Apel et al., 1975). Because of the visibility of near-surface in-
ternal waves, the area of sea surface over which they occur may be determined
from aerial photographs. With the help of some representative “ground truth”,
it should then be possible to estimate the energy content of these waves. This
method is complementary to the usual measurements of internal wave energy,
based on single point moorings or horizontal transects; in many coastal re-
gions, where the internal wave field is spatially inhomogeneous, information on
the horizontal distribution of the waves may be necessary to obtain an estimate
of their energy content. Furthermore, the grouping of the observed wave trains
suggests generation by scattering of the barotropic tide over bathymetric fea-
tures such as the edge of the continental shelf or abrupt ridges. An estimate of
the energy density of interfacial waves would throw light on their relevance to
tidal energy dissipation in coastal areas.

The Strait of Georgia lends itself rather well to an energy budget of high-
frequency internal waves. Because of the sharp density stratification near the
surface due to the large outflow of fresh water from the Fraser river (especially
during summer freshet; cf. Waldichuk, 1957), internal wave activity is con-
centrated near the surface and is readily detected from the air (see, for ex-
ample, Fig. 1). Geometrical constrictions, such as at Boundary Pass (Fig. 2),
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Fig. 1 Aerial photograph of internal waves in the southern Strait of Georgia. Photo
taken on May 29, 1968, from an altitude of =750 m. The camera points eastward
and the distance between the first two bands in the wave group is about 100 m,

where the waves are observed to be generated are easily identified, and the
tidal energy flux and dissipation through these constrictions may be estimated
from available data.

2 Data

The data on internal wave coverage of the southern Strait of Georgia were
gathered on a clear day (May 29, 1968) during a series of six flights over the
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Fig. 2 Internal wave groups in the Southern Strait of Georgia. The lines drawn delineate
the areas of the wave groups (but not individual wave fronts) during one of the
flights of May 29, 1968. The eastern extension of the wave groups could not
be determined precisely and has been shown by broken lines. The flight line be-
tween Point Roberts and East Point, along which the photographs were taken, is
also shown. The 50-fathom depth contour is shown as a dotted line; note the

presence of the sill at the northern end of Boundary Passage.

area. These flights, at an altitude of 2,500 ft (762 m), were taken on a line
joining the southwest tip of Point Roberts and East Point on Saturna Island
(Fig. 2). The time of passage over these landmarks was clocked in both direc-
tions, and photographs of the most prominent visible internal wave groups
were taken at measured times. It was then possible to calculate the position
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at which every photograph was taken and to construct sketches of the internal
wave trains in the area covered (Fig. 2). During the four afternoon flights
over which the best photographs were obtained, there was no difficulty in
determining the westward extension of the internal wave groups from the line
of flight: in that direction, the internal waves manifested themselves by varia-
tions in the amplitude of the direct specular reflection of sunlight. Towards
the east, however (such as in Fig. 1), the waves were detected by variation in
the intensity of the reflected skylight and the eastern extension of the wave
groups could not be ascertained with precision. The estimates quoted below
for the area covered by internal waves should not be in error by more than
about 50% on this account.

3 Analysis and discussion

In order to calculate the energy of the observed wave groups, the density strati-
fication and the wave amplitudes need to be known. The summer density strati-
fication in the Strait of Georgia is strongest near the mouth of the Fraser River
(Waldichuk, 1957) and decreases toward the southern passes, where the
internal waves are generated (Gargett, 1976). Observations taken on the day
following the flights (30 May, 1968) by Crean and Ages (1971) show that
the relative contrast between the density p: at a depth of 10 m and that of the
surface water p,, defined as (p» — p1)/p2, varies from 0.015 near the Fraser
River mouth to 0.007 near Boundary Passage. The energy estimates have
been performed by assuming that the density contrast varied linearly with
position between these extreme values and by using a uniform upper layer
depth #; = 10 m. No direct measurements of internal wave amplitudes were
performed at the time of the flights. Observations under similar circumstances
(Hughes, 1969; Gargett, 1976) have shown that isotherm displacements of
up to 6 m are common. The measurements of Gargett (1976) were performed
at a position almost due north from East Point at the location of the second
wave group from Boundary Pass shown in Fig. 2. As the waves spread radially
and slowly dissipate while propagating away from their source their amplitudes
should decrease northwestwards from Boundary Passage.

The energy density per unit area of interfacial waves of amplitude a may be
written

E = Yo — pl)gaZF(,% ... ) )

where F is a function of the wave amplitude (a/h;) and of other non-dimen-
sional parameters, such as the actual shape of the density transition. For the
rough estimate performed in this note, the factor F has been taken as unity,
corresponding to small amplitude waves. Even though the linear approxima-
tion F = 1 is clearly invalid over much of the internal wave field (considering
the wave amplitudes quoted above), it is believed that by taking a sufficiently
large range of wave amplitudes the energy estimates should encompass the
effects of non-linearity. The total area of the wave groups was measured from
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TaBLE 1. Estimated energies and areas of the observed internal wave fields.
From the salinity and temperature data of Waldichuk (1957), a range
of possible density contrasts straddling the observations by Crean
and Ages (1971) was estimated for the day following that when the
photographs were taken. Estimates of wave amplitudes from Hughes
(1969) and Gargett (1976) were also used, ranging from the full
thickness of the upper layer to one half of that thickness. The mini-
mum, maximum and mean values of all possible choices are listed,
together with their averages for the four flights

Energy (J) Observed

area

Flight Minimum Maximum Mean (m?)
1 1.2x10° 9.3x10° 4.5%10° 5.9%x107
2 1.6x10° 9.4x10° 4.8x10° 7.6x107
3 2.0x10° 1.3x10° 6.5x10° 1.1x108
4 1.6x10° 1.1x10%° 5.8x10° 9.3x 107
Average 1.6x10° 1.1x10'° 5.4x10° 8.5x107

sketches similar to that shown in Fig. 2, and the energy of the wave groups
was computed for a range of possible wave amplitudes (Table 1). The calcu-
lations were performed for four afternoon flights and were similar for each
flight. The horizontal energy density computed for near-surface internal waves
is of the order of E = 10? J m—2, This value is considerably smaller than that
(Egy = 4 X 10° T m—2) found by Garrett and Munk (1972) to provide the
best fit to oceanic internal wave spectra. This discrepancy should not be too
surprising, since the Garrett-Munk energy density covers a broad frequency
band (from the inertial frequency to the Brunt-Viis#ld frequency), whereas
the interfacial waves observed in the Strait of Georgia all lie in a rather narrow
band of high frequencies (with periods ranging approximately from 10 s to 5
min).

Observations (cf. Gargett, 1976) indicate that the high-frequency inter-
facial waves detected by aerial photography in the Strait of Georgia are gen-
erated mainly by topographic scattering of the flood tide over the sill lying
between East Point (on Saturna Is.) and Patos Is., at the northern end of
Boundary Passage (Fig. 2). The sea-level variation and the tidal current in
Boundary Passage are shown in Fig. 3 for a period covering that over which
the photographs were taken. The sea level is actually that obtained from the
Canadian Hydrographic Service Tide Tables for 1968 at Fulford Harbour.
From the results of Crean (1976), the phase and the amplitude of tidal sea-
level displacements are the same at East Point as at Fulford Harbour. The
currents shown in Fig. 3 are scaled up (to a maximum flood of 3 knots) and
delayed (by 30 min) from those given by the same Tide Tables for Turn Point,
according to the instructions given in those tables. Note that the maximum
flood current at East Point (at 1800 psT, May 29) leads the surface elevation
(high tide at 2035, May 29) by about 2%2 hours. Since the tide is dominated
by the semidiurnal component M2, this time lag corresponds to a phase lag
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(from Canadian Hydrographic Service Tide Tables). Flood currents, into the
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four flights mentioned in the text (1223-1248; 1352-1423; 1539-1604; 1707—
1729 psT) are indicated on the sea level graph. (1 knot =0.51 m s™.)
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of about 72°. Although some of the internal wave groups could be clearly
observed to have been generated during the flood starting at about 1445 psT,
May 29, it was not possible to positively identify wave groups on successive
photographs so as to trace their individual progress away from their source.
Using an estimate of the speed of travel of the internal waves, we have as-
sumed that the wave groups seen in the area of observation were all generated
within one flood period (about6 h).

The approximate group velocity for waves travelling at the interface be-
tween a thin upper layer and a deep lower layer, and with wavelengths in excess
of the thickness A; of the upper layer, is given by

C, = /8(p2 ;opl)hl ) 2

With a mean density contrast (p: — p1)/p2 = 10-2 and h; = 103, C, = 1.0
m s~! (2 knots). Adding to this a mean flood current of the order of about
one half knot (Crean, pers. comm.) in the southern Strait of Georgia, we find
that an internal wave group can travel away from its generation area in Boun-
dary Passage a distance of about 15 nautical miles (25 km) in a six-hour flood.
This distance is quite sufficient to cover the area of observations.

Let us now compare the energy contained in the internal wave field radiated
from the mouth of Boundary Passage to that lost by the tide in the area of
generation. In his model of the barotropic tides in the Strait of Georgia, Crean
(1976) finds that most of the energy dissipation occurs in the narrow passages
(Haro Strait and Rosario Strait) connecting the Strait of Georgia proper to
the Strait of Juan de Fuca. On the basis of a bottom frictional force of the
form pk ulu|/h commonly used in tidal models (Dronkers, 1964 ), where & is
a friction coefficient, u the depth-averaged horizontal velocity vector and A
the depth, the rate of energy dissipation per unit volume is equal to pk|u|®/h.
With an alternating rectilinear tidal current of the form u = Uysin wt, the total
dissipation per unit volume over half a tidal cycle (the flood) becomes

T/2 pkU03
O a h

4 U,2pk

- in3 -
D/volume = [sin® wtldt = 3 oh 3)

Since the internal waves are observed to be generated during the flood tide
through Boundary Passage, it is appropriate to compare their energy content
to the total dissipation during that time in the generation area, over the sill
lying between East Point and Patos Is. This sill is taken as having a mean depth
of 60 m, a width of about 500 m and a cross-channel length of about 4 km.
Taking Uy = 1.5 m s~ (3 knots) and the frequency w as that of the dominant
semidiurnal tide (w = 1.4 X 10—% s—1) together with the large value of the
friction coefficient (k = 0.03) which Crean (pers. comm.) found necessary
to use in Haro Strait to calibrate his tidal model, we found that the energy
dissipated by tidal friction over the generating ridge is

D=19x102],
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a value which exceeds the maximum internal wave energy estimate of Table 1
by two orders of magnitude. Thus, in spite of the uncertainties associated with
the method of comparison, it appears that even in the very area of generation
the amount of energy radiated as internal waves is greatly inferior to that
dissipated by the barotropic tide. A fortiori, the transfer of energy into internal
waves is an insignificant fraction of the total energy dissipation in the whole of
the Strait of Georgia.

It is also of interest to estimate the role of high-frequency internal waves in
mixing the upper and lower layers and in thus eroding the density stratification.
Assuming, as an extreme situation, that while travelling from Boundary Pas-
sage to the Fraser River area an internal wave train loses all its energy by
mixing at the density discontinuity, thus increasing the potential energy density
of the water column, the average deepening of the surface layer may be derived
quite simply.

Assuming mass conservation, the mixing of upper layer water (of thickness
hy and density p,) with deeper water of density p. produces an upper layer
thicker than A, by an increment Ak and of density p; given by

ps = (hyp1 + Ahpy)/(h; + Ah). 4
The increase in potential energy of gravitation (referred to a depth z = —h; —
Ah) per unit area of the sea surface upon mixing is then given by

With a mean density contrast (p: — py) = 10 kg m—3, 4y = 10 m, and AE =
102 J m—2, aAh = 20 cm. However, laboratory experiments by Thorpe (1973)
indicate that only about 5% of the turbulent energy dissipated by breaking
internal waves finds its way into gravitational potential energy of stratification.
The mean deepening Ak must then be reduced to about 1 cm. The upper layer is
so thin that a minimum of wind action (Denman, 1973) will easily mask any
effects due to internal wave mixing, the deepening due to mixing being in any
case beyond the limits of practical measurement accuracy.

4 Conclusion

In spite of their spectacular and ubiquitous nature, it appears that the high-
frequency near-surface internal waves observed in the Strait of Georgia play
an insignificant role in the energy balance of the local waters. This result should
also apply to other similar coastal areas.
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